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ABSTRACT The transport of macromolecules across the renal glomerular capillary
wall has been described theoretically using flux equations based on (a) restricted
transport through small pores, and (b) the Kedem-Katchalsky formulation. The vari-
ous assumptions and limitations inherent in these two approaches are discussed. To
examine the coupling between macromolecular solute transport and the determinants
of glomerular filtration rate, these flux equations were combined with mass balance
relations which allow for variations in the transmembrane driving forces along a
glomerular capillary. It was predicted, using both pore theory and the Kedem-
Katchalsky equations, that fractional solute clearance should be strongly dependent
on the determinants of glomerular filtration rate when convection and diffusion both
contribute to solute transport. When convection becomes the sole mechanism for
transcapillary solute transport, however, fractional solute clearance is essentially
independent of changes in the determinants of glomerular filtration rate. Con-
sequently, unless diffusion is absent, fractional solute clearances alone are insufficient
to characterize the permselective properties of the glomerular capillary wall, since
these values may be altered by changes in glomerular pressures and flows as well as
changes in the properties of the capillary wall per se.

INTRODUCTION

One of the most remarkable features of the glomerular filtration process is the extent to
which the glomerular capillary wall discriminates among molecules of varying size.
Uncharged molecules the size of inulin or smaller normally appear in glomerular ultra-
filtrate in the same concentrations as in plasma water, whereas the transport of sub-
stances of increasingly greater size diminishes progressively, normally reaching very
low values as the size of serum albumin is approached. For this reason, all but the
smallest plasma proteins are normally restricted from passage into Bowman’s space,
the proximal-most portion of the renal tubule. In addition to size, it seems likely that
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molecular charge as well as other physical and chemical properties of macromolecules
will also influence this permselectivity.

In an effort to understand the mechanisms governing the transport of macromole-
cules, it is important to recognize that solute and water transport across the glomerular
capillary are coupled. In particular, Pappenheimer, Renkin, Lambert, and their re-
spective co-workers (1-4) have derived equations which show that the Bowman’s space
to plasma concentration ratio of a macromolecule depends inversely on glomerular
filtration rate (GFR). Accordingly, the transport of macromolecules will be influenced
not only by the physicochemical properties of the capillary wall, but also by the other
determinants of GFR, namely, the transcapillary hydraulic and oncotic pressure differ-
ences and the glomerular capillary plasma flow rate. The goal of this theoretical study
is to examine in greater detail how the membrane properties and the transcapillary
driving forces interact to determine the transport of macromolecules.

The present approach differs from that taken previously (14) in two important
respects. First, the effects on solute transport of variations in each of the individual
determinants of GFR are considered. This is appropriate given the recent discovery of
a unique strain of Wistar rats with glomeruli on the surface of the renal cortex, which
makes possible direct measurement of these quantities, and hence, assessment of their
individual effects on glomerular transcapillary exchange of a variety of macromolecu-
lar species. One such assessment, employing dextrans of varying molecular radius, is
contained in the companion study (5). Second, variations in the driving forces for
water and solute transport that must occur along a glomerular capillary are incorpo-
rated in this formulation. Our previous theoretical (6, 7) and experimental (8-16) stud-
ies of the determinants of GFR have shown, for example, that the dependence of GFR
on glomerular plasma flow rate is brought about by flow-induced variations in the
colloid osmotic pressure profile along a glomerular capillary. Consequently, it seems
likely that variations in the solute concentration profile along a glomerular capillary,
coupled to changes in glomerular plasma flow and the other determinants of GFR, will
affect macromolecular solute transport. To examine these effects, mass balance equa-
tions for water and solute for the glomerular capillary network have been combined
with expressions for water and solute fluxes based on either the Kedem-Katchalsky
formulation or the hydrodynamic theory of solute transport through pores. Both sets
of flux equations are commonly used in characterizing membrane transport processes
and are consistent with the postulates of nonequilibrium thermodynamics, but they
differ sufficiently to merit a comparison of the two approaches.

MODEL DEVELOPMENT

Thermodynamic Basis of Flux Equations

Essential to a thermodynamic description of mass transport through membranes is an
expression for the local rate of entropy production at any point within the membrane.
For a one-dimensional, isothermal system in the absence of chemical reaction, assum-
ing local equilibrium (a postulate of nonequilibrium thermodynamics), this can be
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written as follows (17):

¢ = - D N(du/dz), (1)
f=

where ¢, the dissipation function per unit volume, is the product of the volumetric rate
of entropy production and the absolute temperature, N, is the molar flux of species /
relative to the mass average velocity, u, is the chemical potential of species i, and
z is a coordinate perpendicular to the plane of the membrane. In further accord with
the postulates of nonequilibrium thermodynamics, the fluxes (N,) are related to the
driving forces (dg,/dz) in a linear manner (17):

N, =2 aydw/dz) i=12,...n, (2)
j=1

where a;; are phenomenological coefficients with the property that «;; = a; (Onsager
reciprocity relation). Egs. 1 and 2 form the common basis for both sets of flux equa-
tions employed in the analysis that follows.

In the development of the flux equations it will be sufficient to consider a ternary
system composed of water, an uncharged macromolecular solute, and the membrane.
Since it has been shown experimentally (18) that the glomerular capillary wall is
essentially impermeable to the major plasma proteins, these will enter into the analysis
only in that they contribute a transmembrane osmotic pressure difference. To relate
the molar flux of species i at steady state to the transmembrane difference in g;, Egs. 1
and 2 are integrated across the membrane. The flux equations based on the hydro-
dynamic theory of transport through pores assume the membrane to consist of an
impermeable matrix perforated by a number of solvent-filled, cylindrical pores; the
Kedem-Katchalsky equations are obtained by performing the necessary integration
without specifying the internal structure of the membrane.

Flux Equations Derived from Pore Theory

The pioneering efforts of Pappenheimer et al. (1, 19) and Renkin (2) in the use of the
theory of transport through porous membranes, and subsequent refinements of their
treatments, have been discussed by Solomon (20), Bean (21), Verniory et al. (4), and
Anderson and Quinn (22). This approach, in its simplest form, involves the assump-
tion that transport takes place through a number of identical cylindrical pores of radius
r,and length /, as shown in Fig. 1. Hydrodynamic relations are utilized to specify the
various frictional interactions among the solute (treated as a solid spherical particle),
the solvent (treated as a continuum), and the pore wall. The expressions for volume
flux (J,) and solute mass flux (J,) which result are:

J, = (r}/821)(S'/S)(AP — Ax) = (K'S'/S)(AP - A7), (3)
Jo = xoCo L, [1 = (C/Cyexp(-M)/[1 - exp(-7)] 4)
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FIGURE 1 FIGURE 2

FiGURE | Schematic of a membrane perforated by a solvent-filled right-cylindrical pore in which
the solvent velocity profile is parabolic and the solute molecule traverses the pore along the pore
centerline. Symbols in this and subsequent figures are as defined in the text and List of Symbols.
FIGURE2 Idealization of the glomerular capillary network.

For definitions of the various symbols see List of Symbols.

An important feature of Eq. 3, where it is assumed that the osmotic pressure of the
permeant solute is negligible, is that the hydraulic permeability (k') is given explicitly
in terms of the pore geometry (r,,/) and solvent viscosity (n). The factor S’/S
appears in Eq. 3 because J, and J, are based on total membrane surface area (S)
rather than total pore area (S'). The quantity v in Eq. 4 is a measure of the relative
importance of convection and diffusion to solute transport within a pore (see Eq. 52).
Although Eq. 4 does not contain readily identifiable terms representing the separate
contributions of convection and diffusion, these can be obtained as shown in the
Appendix (Eq. 51). The Appendix contains a derivation of Egs. 3 and 4, based on
Egs. 1 and 2, together with a discussion of some fundamental assumptions inherent in
this approach that have not been considered in previous treatments (1-4, 19-22).

Kedem-Katchalsky Flux Equations

An alternative, widely used set of flux equations is that derived by Kedem and Katchal-
sky (23), who began their analysis with an expression for the dissipation function per
unit area of membrane obtained by formally integrating Eq. 1 across a membrane of
uniform thickness. Assuming the volume fraction of permeant solute to be small
(dilute solution approximation), they transformed the driving forces from transmem-
brane chemical potential differences for water and solute to differences in pressure and
solute concentration in the solutions bathing the membrane. For the particular case
in which the osmotic contribution of the permeant solute to volume flow is negligible,
the Kedem-Katchalsky flux equations are:'

When the osmotic pressure of the permeant solute (RTACy) is not negligible, Eq. 5 contains an addi-
tional term (23): J, = k(AP — Ax — 6*RTACy). There exists some doubt as to whether the Onsager reci-
procity relations apply to these integrated flux equations, that is, whether or not the osmotic (¢*) and con-
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J, = k(AP - Ax), (5)

J, = @wRTAC; + J(1 - ¢)Cs. (6)

For definitions of symbols see List of Symbols.

Eq. 5 is analogous to Eq. 3, except that the hydraulic permeability (k) is regarded
simply as a phenomenological coefficient. The diffusive and convective contributions
to J, in Eq. 6 are given by the terms involving w and g, respectively.

Solvent and Solute Mass Balances for the Glomerular Capillary Network

The expressions for transcapillary volume and solute fluxes (Eqs. 3 and 4 or Egs. 5
and 6) may be combined with overall balances for volume and solute mass for the
glomerular capillary network to obtain results in terms of measurable quantities.
Following the analysis of Deen et al. (6), the glomerular capillary network is treated as
a single tube of equivalent total surface area S and length L (Fig. 2). This approach
assumes that radial concentration gradients within a glomerular capillary may be
neglected, an approximation which has recently been confirmed to be valid (7). J, and
J, are taken to be positive for transport from the glomerular capillary to Bowman’s
space, the latter assumed to be a well-mixed compartment having solute concentration
Css. Of importance, J,, J;, the giomerular capillary plasma flow rate (@), and the in-
tracapillary protein and permeant solute concentrations (C, and Cg, respectively)
are all functions of the axial distance coordinate, x. The volume, protein, and solute
balance equations are given by:

d@/dx = —(S/L)J (%), (7)
d(QCp)/dx = 0, (8)
d(QCs)/dx = —(S/L)J(x). )

As shown by Eq. 7, the rate of change of plasma flow along the idealized capillary is
balanced by the volume flux, J,, across the capillary wall. Eq. 8 states that the capillary
wall is essentially impermeable to the major plasma proteins, while Eq. 9 represents the
balance between changes in the mass flow of the permeable species along the capillary
and the local net transcapillary solute flux, J,.

Overall Transport Equations

The final transport equations based on either set of flux relations are obtained by sub-
stituting the appropriate expressions for J, and J, in Egs. 7 and 9, and transforming
the resulting equations using the following dimensionless variables:

0s = Cs/Csa, (10)

vective (o) reflection coefficients are equal (24). Because of the assumption that RTACs « AP, Ax, a
condition fulfilled in the companion study (5), volume flow is independent of the permeant solute and
only o needs to be considered.
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6, = Cp/Cp, (11)
osn = Csn/cs,n (12)
¢ =x/L. (13)

The combined form of Egs. 7 and 8 for either pore theory or the Kedem-Katchalsky
approach is:

do,/d = FO3[1 — 4,6, — A4,03],  6,(0) = 1, (14)

where the dimensionless parameters are:

F = K,AP/Q,, (15)
A, = a,C;,/BP, (16)
Az = azch/ﬁ. (17)

Eq. 14, which has been discussed in detail previously (6), assumes that the transmem-
brane hydraulic pressure difference (AP) is constant along a glomerular capillary
(i.e., AP = AP), a good approximation for the rat (9). The colloid osmotic pressure
difference (Ax) at any point along a capillary is related to Cp:

Ar = 0|Cp + a2C}, (18)

where g, and a, are empirical coefficients (6). The glomerular ultrafiltration coefficient,
K,, a measurable quantity (11, 14-16), is related to the hydraulic permeabilities as
follows:

K, = kS = k'S’ = (S'/)(r2/87). (19)

Thus, for pore theory, only two of the parameters K,, S'/l, and r, are indepen-
dent. In addition to K, the other quantities in Egs. 15-17 have also been measured
under a variety of experimental conditions (8-16).

According to pore theory, the solute mass balance (Eq. 9) becomes:

[«

0 doP {1 _ Xo(l - (0S3/0S)cxp(_7))}’ 05‘(0) = 1. (20)

0s _ b5 dby
£ 6, d¢ 1 - exp(-7)

(=%

For the Kedem-Katchalsky relations, the result is:

dbs/d$ = —BOs[0s — O]
= (1/6,)(d6,/d) (1 - o)bs ~ 65},  65(0) =1  (21)
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where:
B = SoRT/Q,. (22)

The only additional expression required is one relating 6, to the transcapillary
volume and solute fluxes:

1 1
055 = (1/Cs,) fo J,dr/ fo J.4¢. (23)

Eq. 23 applies to Eq. 20 when J, and J, are evaluated using pore theory (Egs. 3 and 4)
and to Eq. 21 when the Kedem-Katchalsky relations (Egs. 5 and 6) are used.

RESULTS

Predictions Based on Pore Theory

According to the pore theory outlined above, the transport of macromolecular solutes
across the wall of the glomerular capillary will be determined by any two of the follow-
ing membrane? parameters, S'/l, r,, or K,. Numerical solution of Egs. 14 and 20 pro-
vides insight into how the transcapillary driving forces and membrane parameters
interact in theory to influence the fractional clearance, O, of a partially permeable
macromolecule. Examples are shown in Fig. 3. Using values of AP, x,, and K, rep-
resentative of the normal Wistar rat (Table I), 05, is plotted as a function of the

o8 22
L. -22
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p —-26
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iy B x
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36 _3
o q o h T e ————————— ] O >
16 20 24 28 32 36 40 (0] 50 100 150"+ 200" 250" 300
a, EFFECTIVE SOLUTE RADIUS (l.\) Qa , INITIAL GLOMERULAR PLASMA FLOW RATE (nl/min)

FiGURE 3 Relationship between fractional solute clearance (8gp), effective solute radius,
and Q4. Valuesfor Cpy, Ky, and AP are as givenin Table Land r, = 50 A. The shaded area at
the bottom of Fig. 3 B denotes the region where transcapillary solute exchange is governed solely
by convection. In the limit Q4 — =, 8053 = X,V as shown on the right-hand side of Fig. 3 B.

2The glomerular capillary wall is actually a highly complex composite of several distinct anatomical struc-
tures. The word “membrane” is used here to refer to the functional properties of this composite and is not
to be confused with any specific anatomical structure, such as the glomerular capillary basement membrane.

CHANG ET AL. Glomerular Permselectivity—Theoretical 867



TABLE |

PHYSIOLOGICAL QUANTITIES AND MEMBRANE PARAMETERS
DEFINING THE REFERENCE STATE FOR THE NORMAL WISTAR RAT

AP «353mm Hg

Cpq = 58g/100ml

vy =192mmHg

Q4 =650nl/min

Ky = 0.08ni/(s-mm Hg)

Values taken from refs. 9and 11.

Stokes-Einstein solute radius, a (Fig. 3 A), and as a function of initial glomerular
plasma flow rate, @, (Fig. 3 B), a quantity that may easily be varied experimentally
over the range shown. The pore radius, 7,, has been assumed to equal 50 ;\, a value
calculated by others from fractional solute clearance profiles measured in man and
experimental animals, using hydrodynamic theories of transport through isoporous
membranes (1, 3, 4, 19, 25, 26).

With this value of r, = 50 A, the predicted fractional clearance profiles shown in
Fig. 3 A are remarkably similar to profiles obtained in experimental studies using poly-
vinylpyrrolidone (PVP) and dextrans as test solutes (1, 3, 4, 19, 25, 26). It is clear from
Fig. 3 A that fractional solute clearance profiles (the relationship between 0, and a, the
effective solute radius) cannot be taken to reflect the permselective properties of the
glomerular capillary wall alone, since values of 0, are predicted to vary markedly
with alterations in Q,,, one of the major determinants of SNGFR (6, 9). This predicted
dependence of 65, on Q, is examined more directly in Fig. 3 B, which shows that 0,
decreases with increases in Q, over a wide range of experimentally achievable values.
Moreover, these decreases in s, are predicted to be less marked for very small and
very large macromolecules. For those cases where 8g, declines appreciably with in-
creasing Q,, it is evident from Eq. 23 that these declines result from disproportionate
alterations in the values of J, and J, integrated over the length of the glomerular
capillary. In those cases, the integrated value of J, rises more with increasing Q, than
does the integrated value of J,. On the other hand, for very small and very large mole-
cules, where declines in 8¢, are less pronounced, the integrated values of J, and J,
increase roughly in proportion.

The manner in which J, and J, vary with Q, deserves elaboration. Given that sin-
gle nephron glomerular filtration rate, SNGFR, is proportional to the denominator in
Eq. 23:

1
SNGFR = S- f J,d¢, (24)
0

and since SNGFR has been shown to be highly plasma-flow dependent (9), it would
be expected that 65, would also be sensitive to changes in Q,. The dependence of
water transport on @, is not sufficient, however, to account for the trends seen in
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Fig. 3 B, since the absolute rate of solute transport, proportional to the numerator in
Eq. 23, is also flow-dependent. An examination of the dependence of J, on Q, requires
an assessment of the relative contributions of convection and diffusion to transcapil-
lary solute exchange. As the first step, Eq. 4 is substituted into Eq. 23, yielding:

1 1
Bss/xo = f 05T 0 df / f 7.4, (25)

where:
¥(§) = [1 - Bexp(=7)I/[1 — exp(-v)l, (26)
and:
B(§) = 0sa/0s. (27)

The quantity v({) is a measure of the relative importance of convection (x,J.) and
diffusion (¢, D, //) to solute transport within a pore at any point { along an idealized
glomerular capillary. The significance of the function ¥(¢) in Eq. 25 is that it is the
sole determinant of the relative effects of convection and diffusion on 5,. This can be
seen by noting in Eq. 26 that as y becomes large and convection is totally dominant,
¢ — 1. If, in the derivation of Eq. 4 (see Appendix), the diffusion term is eliminated,
055 /x. is given by Eq. 25 with ¢ = 1, thereby confirming that convection will be the
sole mechanism for solute transport whenever ¢ = 1. As shown in Fig. 4, this is the
case when ¥ > 3. For lower values of v, where ¢ > 1, convection and diffusion both
contribute to the transcapillary exchange of solute.?

FIGURE4 Relationship between Yy and yfor0 < 8 < 1.

3 This statement is truc only if 8 < 1. According to pore theory, however, the case 8 = 1 is not permissible,
since pore theory predicts that some restriction to solute exchange must occur for all solute sizes.
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For a given solute, v is not constant along a glomerular capillary, but rather de-
creases as J, decreases.* Thus diffusion tends to be less important at the afferent
(¢ = 0) than at the efferent ({ = 1) end of the capillary, the magnitude of this effect
depending on the range of y. When the minimum value of v (vy,,;,, attained at { = 1)
exceeds ~ 3, transcapillary exchange for the given solute will be governed solely by
convection. The shaded region in Fig. 3 B denotes the range of molecular sizes and
glomerular plasma flow rates where this is the case. Alternatively, when the maximum
value of vy (., attained at { = 0) does not exceed ~3, convection and diffusion
both contribute to solute transport along the entire length of the capillary, as predicted
fora < 36 A and 0, < 300 nl/min in Fig. 3 B. Finally, when v,,, > 3and v,, < 3,
convection will dominate transcapillary solute exchange at the afferent end of the
capillary, whereas diffusion as well as convection will contribute nearer the efferent
end.

Increases in O, have the effect of elevating J, at any point along a glomerular
capillary (6); hence vy increases with Q,. If initially ¥ < 3, changes in v will result
in changes in ¢ (Fig. 4) and 0,5, (Eq. 25). The greatest flow dependence of 8, occurs
when variations in  are greatest, that is, when v,,, < 3, corresponding to low values
of Q,. Almost no flow dependence of , is evident when v_, > 3, a situation
favored by high values of Q,. Hence, in Fig. 3 B, the flow dependence of 8, diminishes
progressively at higher values of Q,. As Q, increases without limit, 85, — x,¥. This
lower bound for 85, (values of which are given on the right-hand margin of Fig. 3 B),
restricts the plasma-flow dependency for small molecules (@ < ~20 ;\) more than that
for middle-sized molecules (~20 A < a < ~34 A). For any size molecule, for large
enough values of Q,, solute transport will be governed only by convection and 8,
will approach the limiting value of x, .

It is important to recognize that despite the fact that 6, declines with increases in
Q,, the absolute solute clearance increases, as evidenced by Fig. 5. For small mole-
cules, since transport is relatively unrestricted and 8, is close to one (Fig. 3 B), the
increase in absolute solute clearance (SNGFR - f,) with increasing Q, will closely
parallel the increase in SNGFR (Fig. 5). For larger molecules, where 85, is smaller,
absolute solute transport will increase less with increasing Q,.

The influence on 6, of the remaining determinants of ultrafiltration, AP, C,,, and
K, is examined in Figs. 6-8. Shown in Fig. 6 is a plot of 85, vs. AP at two values of
Q,, 65 nl/min (solid lines) and 150 nl/min (dashed lines), the former corresponding to
values representative of the normally hydrated rat and the latter representing a typical
value of @, achieved during plasma volume expansion (9). It follows from the defini-

‘An explicit formula for 1 is obtained by using Eq. 3 and the Stokes-Einstein relation, D, = kT/6IIna.
Assuming r, = SOA: v m xoJil/EoDw = (1.85 x 10™*)(x,/£,) a(AP — Ax), where a is in angstroms and
APand Ax are in millimeters of Hg. In this expression, the only quantity that varies along a glomerular
capillary is A, which in the rat typically increases from some 19 mm Hg at the afferent end to 35 mm Hg at
the efferent end (9). High values of Q4 reduce the extent of this rise in Ax along the capillary (11). At ex-
tremely high values of @4, Ax — x4 everywhere along the capillary, so that v achieves its maximum value,
“Ymax . in pores everywhere along the capillary.
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FIGURE 5 Relationship between absolute solute clearance (SNGFR-8sg) and initial glomerular
plasma flow rate (Q 4 ) for three representative values of the effective solute radius (a).

FIGURE 6 Relationship between fractional solute clearance (8sg) and mean glomerular trans-
capillary hydraulic pressure difference (AP) for three representative values of the effective solute
radius. Solid and dashed lines correspond to values of Q4 = 65 and 150 nl/min, respectively.
Dotted lines represent the limiting values reachedas Q4 — .

tion of vy that increases in AP (which elevate J,) cause increases in vy, and to
some extent increases in v,,;,. As a result, 85; would be expected to be increasingly
insensitive to changes in AP as AP is increased, since ¥ changes less at these higher
values of y (Fig. 4). Hence, 6, in Fig. 6 is relatively constant at high values of AP,
as was the finding for high values of Q,. The effects of Cp, (or x,) on 0, shown in
Fig. 7, are essentially the same as those of inverse changes in AP, since C,, (or x,)
and AP affect v in an opposite manner. The dotted lines in Figs. 6 and 7 represent
values of x,¥, the lower limit for 855 achieved at extremely high values of Q.

As shown in Fig. 8, decreases in K, lead to decreases in 5. As K, declines to very
small values, Aw, v, and ¥ become essentially constant along the length of the capil-
lary. Under these conditions, 65, approaches the same lower limit as found previously
for large values of Q,, namely, x,¥ (shown again by the dotted lines in Fig. 8). If
¥ > ~3, which is the case for molecular radii exceeding ~ 34 A, ¢~ 1for very low
K, and convection is the only mechanism for solute transport. For molecules smaller
than ~ 34 &, both convection and diffusion will contribute to solute transport in spite
of the low value of K, On the other hand, as K, increases, Ax rises more rapidly
along the capillary (6), and +,,, is reached at a more afferent point. Hence, diffusion
of solute becomes increasingly more important and 8, rises progressively with in-
creases in K.

Predictions Based on the Kedem-Katchalsky Equations

Using the flux relations derived by Kedem and Katchalsky (23), the glomerular trans-
capillary exchange of a partially permeable solute is governed by three membrane
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FIGURE 7 Dependence of 85 on Cp, (or x4) for three different size molecules. Solid, dashed,

and dotted lines are as given in Fig. 6.
FiGURE8 Dependence of 5z on K, the glomerular capillary ultrafiltration coefficient. Solid,
dashed, and dotted lines are as given in Fig. 6. In these calculations, Ky was varied by changing

/1, with r, held constant.

parameters, wS, o, and K,. Closely following the approach given for pore theory,
numerical solution of Eqgs. 14 and 21 allows calculation of how the fractional solute
clearance, fg;, of a partially permeable macromolecule varies with selected alterations
in the transcapillary driving forces and membrane parameters.

Using values of AP, x,, and K; representative of the normal Wistar rat (Table I),
fss is plotted in Fig. 9 as a function of initial glomerular plasma flow rate, Q,, for

® ®
(Ko] o g0 [[o] od o0
| o ol _q, o1
S8 - -
06— 06 0s us
- - Q9
04 04 'o_ oo
i 05 =as I Y
02~ 02
o h L n —— n s 09,- 09 o N 1 N | N 1 *
o) 100 200 300 '@ (o] 100 200 300 @

Q, , INITIAL GLOMERULAR PLASMA FLOW RATE (nt/min)

FiIGUREY9 Dependence of fractional solute clearance (fgg) on Q4 for various assumed values
of the solute reflection coefficient (o) and low and high values of the solute permeability (w). Low
and high values of w are 10~"7 and 10~ mol/(dyn-s), respectively. S is assumed to be 0.0019
cm? (28); hence SwRT for Figs. 9 A and 9 B is 0.0284 and 28.4 nl/min, respectively. Values for
Cpa. Ky, and AParc as given in Tabic L.
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low and high values of the solute permeability, w, and for 0 < ¢ < 1. These low and
high values of w correspond roughly to the experimentally measured bounds for this
parameter for a wide range of synthetic and biological membranes (27). For a low
value of w (Fig. 9 A) 0, is essentially independent of changes in Q, over the range
examined. In contrast, when w is high (Fig. 9 B), 6, decreases with increasing Q,
for ¢ > 0. Furthermore, when w is large, 0, is always larger for any given value of
Q, than when w is small. As will soon be discussed, this is so because solute transport
by diffusion has been added to that by bulk flow.

These theoretical results may best be explained in the following manner. Combining
Egs. 6 and 23 gives:

Osp = [SwRT fl (1 - B)8sd¢ /SNGFR]
[

1
+ (1 - o) ([l J,ﬁsd{/l J,d{). (28)

Unlike the equivalent expression derived for pore theory (Eq. 25), Eq. 28 has readily
distinguishable terms representing diffusion (dependent on w) and convection (depen-
dent on ¢). From this equation it is evident that for ¢ »= 1 convection will be the
dominant mode of solute transport provided w is made sufficiently small. Such is the
case for the predictions shown in Fig. 9 A which indicate that whenever convection is
the primary mechanism governing transcapillary solute exchange, 6, will be insensitive
to changes in Q,. When w is large (Fig. 9 B) diffusional processes become more im-
portant and therefore 0, is larger for given values of Q, and ¢ than in Fig. 9A,
since the effects of diffusion and convection are additive (Eq. 28). As ¢ — 1 diffusion
becomes increasingly important, and when ¢ = 1, diffusion becomes the sole means
for solute transport. In contrast to this, when ¢ — 0, convection of solute becomes
increasingly more important, and when ¢ = 0, convection becomes the sole means for
solute transport for any value of w since in this case 8 = 1.

In the limit of very high glomerular plasma flow rates, g, — 1 and 8, reaches a
minimum value, (0g5) i, given by:

Bsodain = SCRTU = Gsdun] () _ 5y 1= Osoduin_ (29)

K,(AP — 7,) In[1/(Bs)ain]

A useful approximation to Eq. 29 is given by:

SwRT + [(1 - 0)/2]K(AP — m,)
SwRT + [(1 + 0)/2]K,(AP - =,)

(30)

(058) min =

Values of (f53)min computed from Eq. 29 are shown on the right-hand margins of
Figs. 9A and 9B. As can be seen more clearly from Eq. 30, 053 = (0sp)min = |
for o = 0, irrespective of the values of w or the other quantities in Eq. 30. For solute
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transport only by convection (w = 0), (0sp)mic =~ (1 — 0)/(1 + 0), an expression
which gives values of (0s5)., €ssentially equivalent to those shown in Fig. 9A. In
contrast, when w is large (Fig. 9B), (0s3)min is determined by diffusion as well as by
convection of solute (Eq. 30). Consequently, constancy of g, at high values of Q,
does not imply that solute transport is dominated by convection. If, however, convec-
tion is essentially the sole mechanism for solute transport, as when w is small (Fig. 9 A),
05z will be relatively constant.

The results given in Fig. 9 are in general agreement with the plasma flow dependence
of O, obtained using pore theory. As shown in Fig. 9B, 0, is most sensitive to
changes in Q, at low values of Q,, where diffusional processes contribute maximally.
This same behavior was found using pore theory, as evidenced by the low-flow region
in Fig. 3B. Since 055 is bounded below by the value of (f53)n. computed from
Eq. 29, it is not possible for significant flow dependence to exist when ¢ is small (i.e.,
g < ~0.1). However, as ¢ — 1, corresponding to molecules with larger radii, signifi-
cant flow dependence is predicted (Fig. 9 B), a result in apparent contradiction with
that obtained using pore theory (Fig. 3 B). This discrepancy arises since the effective
diffusivity employed in the pore model varies inversely with the solute radius, whereas
nonequilibrium thermodynamics permits ¢ and » to vary independently of one
another, and w in Fig. 9 was arbitrarily chosen to be the same for each value of o.
Although w would also be expected to vary inversely with the solute radius, this may
not be the case if there are chemical interactions between solute and membrane.

Fig. 10 shows that the absolute solute clearance is an increasing function of Q,, for
either low or high w. As ¢ — 0, increases in solute clearance closely parallel increases
in SNGFR, also predicted for small molecules from pore theory (Fig. 5). Comparison
of Fig. 10 A (low ) with Fig. 10 B (high w) clearly demonstrates the potentially impor-
tant contribution of diffusion to the absolute rate of solute transport. Changes in
solute clearance follow changes in SNGFR less closely as ¢ — 1.

| @ ®
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£ o el
o
wo | -
g g0l
Z aof- a0l
i
3€
w3 -
[CA
§ 20~ 20
w /
% = »
9 [») T r n L 0‘91 0 1 1 1
o 100 200 300 [o} 100 200 300

Q

), + INITIAL GLOMERULAR PLASMA FLOW RATE {n{/min)

FIGURE 10 Relationship between absolute solute clearance (SNGFR-055) and initial glomer-

ular plasma flow rate (Q,) for various values of the reflection coefficient (o), and for the same
low and high values of the solute permeability (w) as given in Fig. 9.
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The effects on 05, of variations in the other determinants of ultrafiltration, AP,
Cp4, and K, are shown in Figs. 11-13. In Figs. 11 A and 11 B, 0, is plotted as a func-
tion of AP at two values of Q;, 65 nl/min and 150 nl/min. Since J, changes in
parallel with changes in AP, diffusion would be expected to become the important
mode of solute transport as AP decreases (approaching =), whereas convective solute
transport becomes increasingly more important as AP rises. In Fig. 11 A, where

®
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FIGURE 12 Dependence of 6gg on Cp,4 (or x4 ) for three values of the reflection coefficient (o)
and for the same values of the solute permeability (w) as given in Fig. 9. Solid, dashed, and dotted
lines are as given in Fig. 11.
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as given in Fig. 11. .

diffusion is essentially absent, g, is insensitive to alterations in AP over the range
examined. The fact that g, increases slightly as AP increases follows from small
increases in 0 in the convective term of Eq. 28. When w is large, however, as in
Fig. 11 B, the diffusive term in Eq. 28 is no longer negligible and 6, falls significantly
with increases in AP, This dependence of 8, on AP is qualitatively similar to that
shown in Fig. 6 for pore theory. As was the case for pore theory, changes in C;, (or x,)
are largely equivalent to inverse changes in AP. This dependence of 85, on C,, (or
w,) is illustrated in Fig. 12. In addition, the dotted lines in Figs. 11 and 12 represent
the lower limits of 6, achieved at very high values of Q, (Eq. 29).

Fig. 13 A shows that when w is small and diffusion is unimportant, 65, remains insen-
sitive to changes in the ultrafiltration coefficient, K, as was the finding for variations
inQ,, AP, or Cp,. Since w is small, the values of (0s)mi, Shown by the dotted lines in
Fig. 13 A are essentially equivalent to (1 — ¢)/(1 + o) (Eq. 30). When K, is made
sufficiently small, however, diffusion will always be the dominant mode of solute trans-
port, irrespective of the value of w (provided that w = 0) so that 65 — 1 as K, — 0.
The dependence of s, on K, for a large value of w is illustrated in Fig. 13B. When
K;is small, increases in K, bring about greater increases in volume flow than solute
transport, and g, declines. There is a minimum value of the parameter F, proportional
to K;/Q, (Eq. 15), above which filtration pressure equilibrium occurs (z; =~ AP)
and SNGFR is constant (6). In Fig. 13 B, 6, reaches a minimum at approximately
the value of K, required to achieve filtration equilibrium (K, ~ 0.05 nl/(s-mm Hg)
at @, = 150 nl/min), then increases slightly as K, is elevated further. These slight
increases in s, at high K, result primarily from increases in the diffusive component of
solute transport, in the absence of additional increases in water transport (SNGFR).

DISCUSSION

We have examined two alternate theoretical approaches for characterizing the perm-
selective properties of the glomerular capillary wall. In so doing, we have discussed in
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some detail the predicted influences of variations in the determinants of glomerular fil-
tration rate, namely, Q,, AP, Cp,, and K, on fractional solute clearance. Overall,
the results obtained using pore theory and the Kedem-Katchalsky equations are in
good qualitative agreement. A particularly important result, in keeping with the find-
ings of other workers (1-4), is that fractional solute clearance is strongly dependent on
the determinants of glomerular filtration rate when convection and diffusion both con-
tribute to solute exchange. When convection becomes the sole mechanism for trans-
capillary solute exchange, however, fractional solute clearance is essentially indepen-
dent of changes in the determinants of glomerular filtration rate. Thus, whenever
diffusion plays an important role, experimental values of fractional solute clearance
would be expected to depend on the values of Q,, AP, Cs,, and K;. Consequently,
fractional clearance profiles alone are insufficient to characterize the permselective
properties of the glomerular capillary wall, since alterations in these profiles due to
disease or following an experimental maneuver may reflect changes in glomerular pres-
sures and flows as well as changes in the properties of the capillary wall per se.

It has long been recognized that there tends to be an inverse dependence of filtrate
solute concentration on filtration rate through restrictive membranes, and explicit
equations have been derived previously (1-4) which, when applied to a single glomeru-
lus, may be used to relate 85, and SNGFR. Pappenheimer (1) and Renkin (2) proposed
the following relationship:

055 = Css/Csq = (k, SNGFR + k,)/(SNGFR + k,), 31)

where k, and k, are constants related to solute diffusivity and pore geometry (1-3).
Eq. 31 assumes that convective transport of solute is proportional to Cs,, but Verniory
et al. (4) correctly pointed out that it is more appropriate to treat convective transport
as proportional to an integrated mean concentration within a pore, and obtained the
following result:

Oss = ky/[1 — (1 — k;)exp(—k, SNGFR)], (32)

where k, and k, are again constants related to solute diffusivity and pore geometry (4).
It is instructive to note that Egs. 31 and 32, despite their differences, both predict an
inverse dependence of 65, on SNGFR, with 65, — 1 as SNGFR — 0 and 85, — k,
or k; (where k), k3 < 1) as SNGFR — = . Since SNGFR increases with increasing
initial glomerular plasma flow rate, Q, (see Fig. 5, for example), the predictions of
Eqgs. 31 and 32 are in good qualitative agreement with the dependence of 6, on Q,
shown in Figs. 3 and 9B. Furthermore, if diffusion is negligible, X, — 0 (1-3) and
k, — = (4), in which case 8, is indicated by Eqgs. 31 and 32 to be insensitive to
SNGFR, corresponding to our results for small  (see Fig. 9 A, for example).

The results of the present study are based on overall mass balance equations (Egs.
7-9) which allow realistic variations in J, and J, along a glomerular capillary, whereas
the application of Eqgs. 31 and 32 requires J, and J, to be uniform along a capillary
(1-4). It is therefore not surprising that Egs. 31 and 32, while often qualitatively cor-
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rect, nonetheless fail in several instances to predict the proper relationship between
changes in SNGFR and f,,. For example, it can be seen in Figs. 6 and 11 B that for a
value of Q, typical of the normal hydropenic rat (65 nl/min), increases in AP from
35 to 50 mm Hg have essentially no effect on 6, although this increase in AP results
in approximately a 40% increase in SNGFR. In contrast, the same 40%; increase in
SNGFR, caused by elevating @, from 65 to 90 nl/min with AP held constant at 35 mm
Hg, is shown by Figs. 3 and 9 B to cause appreciable reductions in 85;. Thus, it can be
concluded that the effects on 05, of changes in the various determinants of SNGFR
do not result simply from changes in SNGFR alone, but instead reflect a coupling of
the variations in J, and J, taking place along the capillary. Since previous studies
(1-4) have neglected these variations, the present approach offers a clear advantage in
the ability to predict the effects on 6, of variations in glomerular pressures and flows.
Consequently, use of the present formulation in computing membrane parameters
from experimental measurements will result in values that more nearly reflect the perm-
selective properties of the glomerular capillary wall.

Unfortunately, it is not possible to provide a quantitative comparison of the predic-
tions obtained using the two sets of flux equations employed in the present study unless
the membrane parameters for solute transport obtained from the Kedem-Katchalsky
equations, w and ¢, are related to specific frictional interactions among the solute,
solvent, and membrane. Although such a frictional representation of w and ¢ is avail-
able (27), it requires that additional assumptions be made and thereby results in a less
general description of membrane transport. Anderson and Quinn (22) attempted to
compare pore theory and the Kedem-Katchalsky equations in this way, but these
workers assumed that solute-solvent frictional interactions within the membrane were
equivalent to those in free solution, which seems unlikely.

Although there is good qualitative agreement between these two descriptions of
membrane transport, an important fundamental distinction sets them apart, With pore
theory it is necessary to assume for the membrane phase a particular geometric struc-
ture (i.e. cylindrical pores), whereas the internal structure of the membrane need not be
specified in deriving the Kedem-Katchalsky flux relations. The structural complexity
of biological membranes makes it unlikely that the exact hydrodynamic conditions
required by pore theory are ever achieved in a biological system. Nonetheless, estima-
tion of membrane parameters based on pore theory might still yield useful insight into
the special permselectivity characteristics which glomerular capillary walls are known
to possess. A distinct advantage of pore theory is that it is easier to use in computing
membrane parameters from experimental data, since K, S/, and r, are related
by Eq. 19. Thus, for an isoporous membrane, there are only two independent param-
eters to be calculated (7, and K, or S'/l), whereas three parameters (K}, wS, and ¢) are
needed for the Kedem-Katchalsky approach.

Several attempts have been made to test pore theory using synthetic membranes and
other porous materials. The data presently available fail to lend strong support for
the expression for the ratio of solute diffusivity in the pore to that in free solution
(¢,, Eq. 49); the expression for the sieving coefficient (x,, Eq. 50) has not been
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tested because experiments reported thus far have been carried out in the absence of
water transport. Uzelac and Cussler (29) and Satterfield et al. (30), for example, pre-
sent data which are inconsistent with the steric exclusion term in the expression for
£,, a value of unity having been found for the steric term, theoretically equal to
(1 — A)?, despite values of A up to 0.5. The latter authors also point out that the
experimental results of Beck and Schultz (31) using track-etched mica membranes,
often cited as support for the expression for £,, are equally consistent with a purely
empirical exponential relationship between £, and A (30). In fact, since the values of A
used by Beck and Schultz (31) were generally less than 0.2, many different functions of
A would adequately describe their data. In a more recent study using track-etched
polycarbonate membranes, Van Bruggen et al. (32) found large discrepancies between
measured and calculated values of £, for inulin, where A was only 0.1. It would seem,
therefore, that even for track-etched membranes, which are considered to be excellent
representations of the idealized membranes referred to in pore theory, convincing ex-
perimental evidence for the validity of a hydrodynamic model of porous membrane
transport is still lacking. It is difficult to subject the Kedem-Katchalsky equations to
similarly rigorous tests, and their range of applicability likewise remains uncertain.
Despite the various reservations concerning the application to biological membranes
of these two sets of flux relations, it would appear that either approach can be usefully
employed in characterizing the permselectivity of the glomerular capillary wall.

LIST OF SYMBOLS

a Stokes-Einstein radius of solute molecule, I?T/Glln D..
Empirical constants in Eq. 18, 1.629 mm Hg/(g/100 ml) and 0.2935 mm
Hg/(g/100 ml)?, respectively.

a; Activity of species i.

A Cross-sectional area of pore, I172.

4,,4, Dimensionless osmotic pressure coefficients defined by Eqgs. 16 and 17, respec-
tively.

B Dimensionless solute permeability and plasma flow rate parameter, defined by
Eq. 22.

¢ Total molar concentration.

(o Molar concentration of species i.

C\(2) Mass solute concentration within a pore. At each end of the pore we assume
C, equals the bulk concentration of the solute on that side.

C,, C Mass solute concentration in bulk solutions at z = 0 and z = /, respectively.

Cs(x), Cp(x) Mass concentrations of solute and plasma protein at any point along an ideal-
ized glomerular capillary.

Cs4s Cpa Initial glomerular capillary (or afferent arteriolar) solute and plasma protein
concentrations, respectively.

Csp Solute concentration in Bowman’s space.

C(x) Log mean solute concentration at any point along an idealized glomerular
capillary, (Cs — Cgp)/In(Cs/Cgsp)-

ACg(x) Transcapillary solute concentration difference at any point along an idealized
glomerular capillary, Cg — Cg;.

d; Generalized mass transfer driving force for species i, defined by Eqs. 33 and 34.
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D.
D

st' j:nm fmn
G(A, )

Jo I

I Jy

k k'

lfl’ kzv kJ’ k4
k

K,
KA, p)

Solute diffusivity in free solution.

Multicomponent diffusivity for the species pair, i and j.

Dimensionless permeability and plasma flow rate parameter, defined by Eq. 15.
Local frictional coeflicients defined by Eq. 38.

Local lag coefficient between solute and water velocities.

Transcapillary mass solute flux at any point along an idealized glomerular
capillary, based on total membrane area and total pore area, respectively.
Transcapillary volume flux at any point along an idealized glomerular capillary,
based on total membrane area and total pore area, respectively.

Effective hydraulic permeability of the capillary wall, based on total mem-
brane area and total pore area, respectively.

Constants related to solute diffusivity and pore geometry, Egs. 31 and 32.
Boltzmann’s constant.

Ultrafiltration coefficient, defined by Eq. 19.

Local ratio of bulk-to-pore solute diffusivity.

Pore length.

Length of idealized glomerular capillary.

Avogadro’s number.

Molar flux of species i relative to the mass average velocity.

Pressure.

The difference between hydraulic pressure at any point along an idealized
glomerular capillary, and hydraulic pressure in Bowman'’s space.
Length-averaged value of the glomerular transcapillary hydraulic pressure differ-
ence.

Excess pressure drop in pore due to the solute.

Volumetric plasma flow rate at any point along an idealized glomerular capil-
lary.

Initial glomerular capillary (or afferent arteriolar) plasma flow rate.

Pore radius.

Universal gas constant.

Hydrodynamic resistance coefficients, Eq. 43.

Total membrane surface area and total pore area, respectively.

Single nephron glomerular filtration rate, Eq. 24.

Absolute temperature.

Mass average velocity.

Velocity of species i relative to stationary coordinates.

Partial molar volume of species i.

Axial position along an idealized glomerular capillary, 0 < x < L.

Mole fraction of species i.

Axial position along a pore, or coordinate perpendicular to the membrane sur-
faces,0 < z < /.

Greek Letters

@y
B(S)
()
¢

7
05($), 05($)

880

Phenomenological coefficients, Eq. 2.

Dimensionless concentration ratio, defined by Eq. 27.

Modified pore Péclet number, defined by Eq. 52.

Dimensionless axial position along an idealized glomerular capillary, 0 < { < 1.
Viscosity of water, 0.007 g/(cm - s) at 37°C.

Dimensionless solute and plasma protein concentrations, respectively, at any
point along an idealized glomerular capillary.
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Osp Dimensionless solute concentration in Bowman’s space.

(Os8) min Minimum value of f¢; achieved in the limit 0, — = .

B5($) Dimensionless log mean solute concentration at any point along an idealized
glomerular capillary, (s — 855)/In(05/055).

A Ratio of solute radius to pore radius, a/r,.

A Hydrodynamic force on a sphere, Eq. 43.

T Chemical potential of species i.

I Ratio of pore-to-bulk solute diffusivity, Eq. 49.

*, Initial glomerular capillary (or afferent arteriolar) colloid osmotic pressure.

Ax(x) The difference between colloid osmotic pressure at any point along an idealized
glomerular capillary, and colloid osmotic pressure in Bowman’s space.

P Dimensionless radial coordinate within a pore,0 < p< 1.

o Reflection coefficient.

¢ Dissipation function per unit volume, the product of 7 and the volumetric rate
of entropy production.

X, Sieving coefficient, Eq. 50.

¥($) Dimensionless parameter, defined by Eq. 26.

w Solute permeability parameter, Eq. 6.

Subscripts
s, w,m Solute, water, and membrane, respectively.
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APPENDIX?
Derivation of Flux Equations from Pore Theory

Eq. 1 can be transformed by noting that N; = C,(v, — v) (for definitions of these and other
symbols see List of Symbols):

- = Z N(dp,/dz) = CRT 2 (v, — v)d,. (33)
i=1 fal

Eq. 33 defines a generalized mass transfer driving force, d;:
CRTd, = C(dp,/dz) = C{RT[d(Ina)/dz] + V(dP/dz)}, (34)

where the quantity CRTd, represents a force per unit volume of solution tending to move
species i relative to the solution (17). As shown by Lightfoot (17), Eq. 33 together with the
second and third postulates of nonequilibrium thermodynamics (linear relationships between
fluxes and forces and reciprocity of the local phenomenological coefficients, respectively) may
be used to obtain the Stefan-Maxwell equations:

d, = Z x,%,/D,) (v, = v,). (35)
J=

jmk

Combining Eqgs. 34 and 35 and applying them to a ternary system composed of water, an un-
charged solute, and a membrane, choosing k = i and v,, = 0:

dy = Fou,X,(%, = %) = fumXuVus
= x,[(d/dz)(In a,)7.r + (x.V,/RT)(dP/dz), (36)
d, = Fox,x,(v = V) = fonXeVsr
= x,[(d/dz)(Ina)]r,, + (x,V,/RT)(dP/dz), (37)
where
F, = F, = D3 =D,

f:vm xm/D.m’ fwm= M/Dwm (38)

As shown by Eqs. 36-38, three frictional coefficients (F,,, f., and f,,,) are required in general
to describe mass transport in this system. Adding Egs. 36 and 37 in such a way as to eliminate
the dP/dz terms, it can be shown that the molar flux of solute relative to the membrane

3The authors are indebted to Dr. E. N. Lightfoot for pointing out that the Stefan-Maxwell equations could
serve as a basis for the derivation of flux relations using pore theory. This suggestion provided the principal
motivation for the development presented here.
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(C,v,) is given by
Cy, = -K'D_(dC,/dz) + Cv,G. (39)
Assuming that the solution is ideal and dilute,

K'D,

/(Fo + fom)s (40)

[Fou + (Vo/ V) foml/(Fow + fom)- (41)

G

An expression for the water velocity is obtained by simply adding Egs. 36 and 37 and using
the Gibbs-Duhem relation to eliminate terms involving the activities (g, and a,):

v, = —(1/CRTf,,)(dP/dz) (42)

where again the solution is assumed to be dilute.

Explicit relationships for the frictional coefficients may be obtained by assuming that trans-
port takes place through cylindrical pores (Fig. 1) and applying results from low Reynolds
number hydrodynamics. Bungay and Brenner (33) recently demonstrated that for a solid sphere
of arbitrary size and position within a long cylindrical tube at low Reynolds number, the
hydrodynamic force on the sphere (A) and the additional pressure drop force due to the
presence of the sphere (AP* A) are both linear functions of the translational velocity of the
sphere (v,) and the mean fluid velocity. Since it is assumed in the present study that the
volume fraction of solute is very small, the mean fluid velocity is essentially identical to the
volumetric average velocity (/;). Thus, for a freely suspended and neutrally buoyant particle
(zero torque):

A R, Ry\/[v

= —9 . (43)

A P + A 21 R 2 - J v’

The R;; are hydrodynamic resistance coefficients which are functions only of the sphere and

tube radii and the position of the sphere, and which have the property R, = R,,. Accordingly,
the pressure gradient in a tube containing solid spheres may be written as

dP/dz = (dP°/dz) + (AP*/]) (44)
where
dP°/dz = - 8nJ,/r? (45)

is the pressure gradient in unperturbed Poiseuille flow.

The resistance coefficients R;; have been computed by Haberman and Sayre (34) for the special
case of a sphere moving along the tube axis (sphere at p = 0) for A < ~0.8. Under these con-
ditions, Wang and Skalak (35) have shown that the excess pressure gradient due to the sphere,
AP*/l, is less than 2% of the Poiseuille pressure gradient provided that A < 0.8. In addition,
Bungay and Brenner (33) considered the additional pressure drop created by a relatively small
sphere moving near the wall of a circular tube through which there is a Poiseuille flow. For the
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limited number of cases reported (A < 0.1 and sphere position such that A/(1 — p) < ~0.25),
the excess pressure drop due to the sphere is again small compared with the Poiseuille pressure
drop, provided that //r, is large (33). Taken together, these hydrodynamic results (33, 35)
suggest that the term AP* A in Eq. 43 is negligible for a variety of sphere sizes and positions.
Furthermore, given that 4 = (IVC,I )™, it can be shown from Eq. 43 that

AP+l = ~NCx,n(Ryv, — RpJ)). (46)

Consequently, provided that A < 1 to assure that R, and R,; remain finite, AP* /I will be
negligible if the solution is sufficiently dilute (x, << 1). Under these conditions (AP* /I ~ 0),
the pressure gradient in Eq. 42 is the same as that in unperturbed Poiseuille flow, so that

Som = (40/CRTrH[1/(1 - p?)]. (47)

Integrating Eq. 39 over the pore cross section, noting from Eqs. 42, 45, and 47 that v, =
2J:(1 — p?), gives the solute flux equation used by Anderson and Quinn (22):

J; = —£9.(dC,/dz) + x,C,J,, (48)

where J; is the average solute mass flux, based on the pore area. In applying Eq. 48, the hin-
drance terms for diffusion (£,) and convection (x,) are evaluated from results obtained for
spheres located along the axis of a tube (22):

go = (1 - X)2K_l(x’ 0)9 (49)
Xo = (1 = AP[2 — (1 = A*]G(A,0). (50)

£,, the ratio of the solute diffusivity in the pore to that in free solution, and x,, the sieving co-
efficient expressing the hindrance of the pore to convective solute transport, are both generally
less than one. When the radius of the pore greatly exceeds that of the solute molecule, Eq. 48
reduces to the solute flux equation applicable to unbounded solutions (i.e., £, and x, — 1 as
A — 0), as expected. In this case, f,,, and £, — 0 and F,, —D;!. The functions K~'(A, 0)
and G(A, 0), which represent frictional hindrances, have been tabulated for A < 0.80 (35). The
terms which multiply X! and G in Eqs. 49 and 50 account for steric exclusion of the solute
particle.

Integration of Eq. 48 along the pore provides an expression for the solute concentration
profile in the pore, C,(z). Substituting this into Eq. 48 and averaging along the pore, while
keeping separate the terms representing diffusion and convection, leads to the following:

_ S £D.
J, = O c, - C)
A\ J
Y
diffusion
1 = (C/Co)exp(=v)| S’ &D.
OJV o - s = 3 o *
e [ 1= exp(-7) ] s 1 ©m@ O
— J
Y
convection
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where
Y = XoJ /D . (52)

Eq. 51 for J, (now based on total surface area) reduces to Eq. 4 since the terms involving
D, cancel. For the case when J, = 0, Egs. 4 and 51 have the limiting form:

Je = (§'/8)(¢:.D. /D(C, - C). (33)

The expression for the volume flux, J, (Eq. 3), is obtained by integrating Eq. 42 over the
pore cross section and length (evaluating f,,, from Eq. 47), and noting that the net driving
pressure is given by the difference between transmembrane hydraulic and colloid osmotic pres-
sures (AP — Ar) rather than by AP alone.

In summary, use of the Stefan-Maxwell equations makes it clear that three frictional coeffi-
cients are needed to describe mass transport in a system composed of water, an uncharged
macromolecular solute, and a membrane. If the local coefficients (F,,, fum, and f,,) are
averaged over the entire membrane, overall coefficients are obtained which are analogous to
those derived from the Kedem-Katchaisky formulation (K, wS, and o). Representation
of the transport pathways as identical cylindrical pores and the solute molecules as solid
spheres (Fig. 1) allows these overall coefficients to be expressed in terms of a different set of
three physical parameters (r,, S'//, and 7). The principal advantage of this transformation,
brought about using isoporous theory, is that y may be determined independently of the mem-
brane, leaving only r, and S’/ to be evaluated from membrane transport experiments. As
discussed in the companion study (5), this has the practical effect of allowing the membrane
parameters based on pore theory (K, 7,, and S'/l) to be evaluated in a single experiment,
whereas data from at least two experimental conditions (e.g., normal hydropenia and plasma
volume expansion) are needed to evaluate the Kedem-Katchalsky parameters (K, wS, and o).
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